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Consider the d-dimensional, n = 1 Gaussian model, described by the Hamiltonian:

H =

∫ Λ

0

ddq

(2π)d

1

2
(r + cq2 + Lq4 + · · · )m(q)m(−q)

(a) Write down the renormalization group equations for r′, c′, and L′, choosing the constant ζ
such that c′ = c. Here ζ is the constant of proportionality in the definition: m′(q′) ≡ ζ−1m<(q),
where q′ = bq.

Answer: Using the same argument as in lecture, we can show that Z = C0

∫
Dm< exp(−βH<),

where C0 is a constant that comes from integrating out the fast modes. The slow-mode part of
the Hamiltonian is given by:

H< =

∫ Λ/b

0

ddq

(2π)d

1

2
(r + cq2 + Lq4 + · · · )m<(q)m<(−q)

=

∫ Λ

0

b−d ddq′

(2π)d

1

2
(r + cb−2q′

2
+ Lb−4q′

4
+ · · · )ζ2m′(q′)m′(−q′)

Thus r′ = b−dζ2r, c′ = b−d−2ζ2c, and L′ = b−d−4ζ2L. To make c′ = c we choose ζ = b(d+2)/2.

(b) The renormalization group equations of part (a) have a fixed point at r∗ = L∗ = · · · = 0.
Let us see how various terms added to the Hamiltonian behave near this fixed point. Consider
a general term of the following type:

u

∫
ddxmp(x) = u

∫ Λ

0

ddq1 · · ·
∫ Λ

0

ddqp−1 m(q1)m(q2) · · ·m(qp−1)m(−q1 − q2 − · · · − qp−1)

where p ≥ 4 is an even integer, and u is a small constant. Since the q integrals go from 0 to Λ,
this term mixes fast and slow modes, making it difficult to calculate the RG transformation (we
will see how this is done in today’s lecture). To get some idea of how this term behaves under
RG, we can make an easy, crude approximation: make the upper limit of each integral Λ/b.
(Essentially we are ignoring any contribution that involves fast modes.) Now use the relations
m′(q′) = ζ−1m<(q) and q′ = bq to rewrite the term and find the RG equation for u′. Keep the
constant ζ the same as in part (a).

Answer: We use the same method as in part (a) to rewrite the u term. Here there are p − 1
factors of the form ddqi, and p Fourier-transformed variables m(qi). Thus we find:

u′ = b−d(p−1)ζpu = b−d(p−1)bp(d+2)/2u = b(−dp+2d+2p)/2u

(c) Write the RG equation of part (b) in the form: u′ = bλuu for some exponent λu. Check that
for d < dc the u direction is relevant, and for d > dc the u direction is irrelevant. Find dc.

Answer: From part (b) we see that λu = (−dp + 2d + 2p)/2. For d > 2p/(p− 2) the exponent
λu < 0, and for d < 2p/(p− 2) we have λu > 0. Thus:

dc = 2p/(p− 2)


