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A superfluid system can be described using an order parameter which is a complex quantum
wavefunction 1(x). The Hamiltonian functional for a superfluid (in d = 3 dimensions) is
given by:

M= [ Ex[F000R + vt + 5(V0) - (V)]

where r, u, and c¢ are real constants. The mean-field solution which minimizes this Hamil-
tonian can be written as ¥ (x) = 1y, where 1y is a real number independent of position.
Let us calculate the energy of phase fluctuations around this mean-field solution. Plug the
following form of 1 (x) into the Hamiltonian:

P(x) = o™,

where 6(x) is some small phase that varies over space. Show that the Hamiltonian can be
written as:

H = Ho+ /d?’x%(VQ)Q.
Find Hy and pg in terms of r, u, ¢, ¥y, and V', the volume of the system.

Answer: Let us plug ¥(x) = 1pe"?™) into each term in the Hamiltonian:

Sl = Sv3
ulp ()" = uty
S(V) - (V) = S(ivhoe "™ Vb(x) - (=ithoe " V0(x))
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Putting this all together we get:
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H

Thus:

Ho=V (g@% + wé)

Ps = C¢?)



