RG Methods in Statistical Field Theory:
Problem Set 11 Solution

In this problem we will examine the phenomenon of Pauli paramagnetism arising from the
interaction between a magnetic field and the spins of electrons hopping on a lattice. The
derivation allows us to practice the contour integral technique for evaluating Matsubara
frequency sums.

Consider a Hamiltonian describing electrons hopping on a d-dimensional lattice:
Ho=> > cl (Kij — pdij)cjo
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The main difference from the noninteracting spinless fermion case discussed in class is that
here our creation/destruction operators have an extra index o =1, | describing the spin of
the electron. The matrix components K;; have the property that they depend only on the
distance between lattice sites: K;; = K(|x; — x;|). To describe the interaction between the
electron spins and a magnetic field B along the +z direction, we add the following term:
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where g = efi/2me is the Bohr magneton and n;, = cj»acig is the number operator counting
the electrons with spin ¢ at site ¢. This interaction term is easy to interpret: if at a site ¢
we have an T electron aligned with the magnetic field, the energy is decreased by %,uOB It
we have a | electron aligned opposite to the magnetic field, the energy is increased by the
same amount.

(a) To simplify the problem, let us transform to the momentum representation. As in class,
we substitute the Fourier expansions of the ¢;, and CZTU operators:
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Here c:fm and cq, are creation/destruction operators for an electron with momentum q and

spin ¢. Show that the full Hamiltonian can be written as:
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where m, = 1 and —1 for 0 =71 and | respectively. The energies Fq are defined through the

eigenvalue equation for the K matrix:
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Remember the orthonormality relation ), =D = N§, o

Answer: Using the fact that
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we can write:
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(b) Let us now write the partition function as a functional path integral. For each operator
cl» and cq, we introduce the Grassmann functions ¢g(7) and ¢g, (7). The partition function

Z is given by:
= / e’ HD@ZqJD@/JqU
q,o

where the action S is:
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Here H[tp, 9] is the Hamiltonian H with cf, replaced by ¢4, (7) and cqy replaced by 1qq (7).
Transform to the Matsubara frequency representation and show that the action S becomes:
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Here 1qon and 1gsn are shorthand notation for ¥qe(w,) and e (wy)-

Answer: The Matsubara frequency representation is defined through:

QZqU(T) - Z eiwnT@Eqan wqo(T) - Z e_iwnquon
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Plugging these into the action S, we find:
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(c) The partition function Z = [e9]] Qo dqon dWgon is NOW easy to evaluate using Grass-
mann integration rules. You should find the following result for Z:
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Hint: Remember the Grassmann integral identity [ exp(ay))di dip = —a.

Answer:
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(d) From the free energy A = —% In Z calculate the zero-field magnetic susceptibility x =
— 0°A/0B? 5_,. Show that:

Answer:
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(e) Using the complex contour trick discussed in class, evaluate the sum over Matsubara
frequencies in the expression for y. Show that:

__'u_?) /E
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where fr(E) = (=% 4+ 1)1 is the Fermi distribution and f}.(F) = dfx(E)/dE.

Answer: We want to evaluate the sum S =3 > _ h(iw,), where h(z) = (—z+ Eq — u) 2.
Introducing the counting function g(z) = 3/(e”*41), we use the complex contour integration
trick from class, which states that .S is given by:

S= > Res.—., [h(2)g(2)]

zj€poles of h(z)

This result is true if the product h(2)g(z) decays faster than R~! on the big circle z = Re®
for R — oo. Clearly this condition is satisfied, since h(z) ~ 22 for large |z|. h(z) has a
second-order pole at z = Eq — p, so:
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Thus:
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(f) To understand the physical significance of the result for y, let us introduce the function
p(E) = > 0(E — Eq). This function has the property that fE+AE (E")dE" counts the
number of q modes that have energies Eq between E and E+ AE. (You can see this simply
because the integral over the sum of delta functions 0(E — E) will contribute 1 for every
E, that falls in the range between E and E + AE.) Thus p(F) is called the single-particle
density of states, and it becomes a continuous function in the thermodynamic limit. It is
useful in converting sums over the momentum modes q to integrals over energy E. Show
that y can be rewritten as:

Ly oY
X = > | p(E)fr(E)

Answer:
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(g) Note that in the limit of small T, the Fermi distribution fr(F) is essentially equal to 1
for ' < p and equal to 0 for F > u. The derivative ff(F) is nearly zero everywhere except
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for a small region around F = pu, in other words for E near Er = p(7T = 0). Thus at low
temperatures the main contribution to the integral for y in part (f) will come from modes
closest to the Fermi surface. As we argued in class, these are the modes which control the
low-energy physics of the system. To see this directly, let us calculate y at T" = 0. Show
that:
T
X(T'=0) =12 p( )

Thus x (7 = 0) is directly proportional to the density of states at the Fermi surface. Hint:
Use the fact that df(x)/dz = §(x), where 6(x) is the step function: 6(z) = 1 for x > 0, and
f(z) =0 for z < 0.

Answer: At T = 0 the Fermi distribution becomes a step function: fr(F) = 0(Er — E).
Thus fp(E) = —0(Er — E). Plugging this into the result of part (f) we find:

(T =0) =2 [ ap B - ) = Loer)
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