RG Methods in Statistical Field Theory:
Problem Set 10 Solution

In this problem set we will use the field theoretical methods developed in class for quantum
systems to derive one the most beautiful results in physics: the BCS mean-field solution
for superconductivity (in its lattice version). Before we turn to the complexities of the full
system, we start with the simple case of non-interacting electrons.

Part I: Non-interacting electrons on a lattice

Consider a d-dimensional hypercubic lattice with N sites at positions x; and lattice spacing
¢. Each site can be empty, singly occupied by a spin-up or spin-down electron, or doubly

occupied by two electrons of opposite spin. The operators cl . ¢y create /destroy an electron
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with spin ¢ at site ¢, where ¢ =7 or |. They satisfy anticommuation relations:
{Ci0'7 ;0/} - 6ij500’7 {Cizn Cja’} = {Cj'-o-v C;r'o’} =0

The Hamiltonian we will examine contains only a single physical interaction: the electrons
can tunnel to nearest-neighbor sites. It is given by:

sz%E:E:@g%+w%QH—u§:§:ma
(i) @ i

where the operator n;, = c}acw counts the number of electrons with spin o at site 2. The
total particle number operator (which we will label N, to distinguish it from the number of

sites V) is then: N, =>". > 1.

(a) To solve this system, we can transform to the momentum representation, where we have
a set of operators CLU, (ko that create/destroy an electron of spin ¢ with momentum Kk,
where k is one of the N sites in the Brillouin zone of the lattice. These operators are defined
through the Fourier transforms of Csz Cio:

1 il 1 oxcs
Cko = TN zi:e rXic, oy = N Zi:elkxlcja

The inverse transforms are:

1 ik-x; T 1 —ik-x; t
Cic = —F= Z e *Ckos Cio = = Z e chcr
N keBZ N

keBZ
Show that the operators CI{U, cko satisfy the anticommutation relations:
{Ckm CL(,/} = 5k,k’5aa’> {Ckm Ck’a’} = {CI(O" CI{,OJ} =0

Hint: Remember that % > pilk—K)xi — Ok k'



Answer:

1 1 - 1 1 , 1 -~

{CkU; CT/ /} _ Z ezk X 7zk.xi{ci07 CT- /} _ Z ezk x;j—ikex; 52 .500, _ Z ez(k —k)-x; (500/
k'c N — jo N — J N -
= 5k,k’6ao'/

1 ik x;—ik-x;

{ckaack’o’} - NZGZ i Z{Ciaacjcr’} =0
2%

{Ck0'7 Ck’ ’ N Z g il XZ{C@U’ ]0‘ } =0

Thus we can work easily in momentum space: instead of 2N states labeled by site ¢ and
spin o, we have 2N states labeled by momentum k and spin ¢. In particular we can define
a Fock space in the momentum representation: to describe the total state of the system, we
specify whether each of the 2V states labeled by (k, o) is empty or occupied. In other words
we have an occupation number ny, = 0,1 for every (k, o), and the total state ket can be
written as [{nks }), where {ny,} is the set of all occupation numbers.

(b) Show that the Hamiltonian can be written as:
d
H= kaCLkag where & = —2t Z cos(lk - &,) — i
k7a a=1

Here €, is the unit vector along the ath direction (so k - €, = k,). We can also write &
as & = Eyx — u, where By = —2t Zi:l cos(lk - &,). Thus & is the energy of a state with
momentum k minus the chemical potential .

Answer:

H = —tz Z(CZUCJ'U + C;r-JCw) — /LZ Znig
_ __Z Z ik/ x;—ik-x; +e ik-x;+ik’ xz)ckgck’ . N Zze (k' —k) xzckgck’

KK (ij) Kk 00
_ t ik/-(x;+0éq)—ik-x; —ik-(x; +ééa)+ik’~x1
=-~ (e +e rC— ckgckg
kk' i,0 a=1

!
- _ § E § :6 (k' —k)-x; Mk -€q +e szea Cko'ck/ ME Cko'cko—

kk' t,0 a=1

=—t Z Z 2cos(lk - e,) ckackg 7 Z CroCko = Z gkCLUCka
k,o

k,o a=1



(c) Note that the Hamiltonian in part (b) is diagonal in the momentum Fock space:

Hl{nko}) = (Z fknka) H{nxo})
Using standard methods, show that the partition function Z is given by:

Z= 3 {mode M {mo}) = [T (1+e7%)

{nko':071} k,o

where 37,y denotes the sum over all possible sets of occupation numbers {ni,}. Hint:
Remember that 3 ., oy [Tk o = [k o 20,01

Answer:
Z = Z <{nk0}|€_m—{|{nko}> = Z e Pk o fklko — Z H e Bnks
{nko':O,l} {nkfr:O?l} {nka:(),l} k, o
= H Z e Bknks H<1 + e*ﬁfk)
k, o nks=0,1 k,o

(d) Calculate the average total particle number (N,) = —0A/0u, where A = —(1/6)InZ is
the free energy. You should find:

(Np) :kz:eﬁgk+1 ZfF (&)

)

where the function fr(x) is the Fermi distribution. Note that in the limit 7" — 0 (8 — o),
we have fr(&) = 1if & < 0 and fr(&) = 0 if & > 0. This means that at zero temperature
all the states with momenta k satisfying Fy < p are occupied, and all those with Ey > u
are empty. In order words at 1" = 0 the chemical potential p equals the Fermi energy Ep,
which is defined as the maximum occupied energy level.

Answer:
Ae g = _lzln(l L ey
5 5L
9A e~ P Ok 0B 1
Rl RO yr
ol k01+e k kgl—i—e koo L—~e K+ 1

Conclusion: non-interacting electrons on a lattice behave almost exactly the same as the
ideal Fermi gas you are familiar with from statistical mechanics. At T = 0 all the states
below a certain energy Ep are occupied. The states with the smallest momenta have the
lowest energies, and so are occupied first. The only difference is that the kinetic energy of
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a Fermi gas electron is By = k?/2m (i.e. p*>/2m with p = hk and £ set to 1), while on the
lattice the energy Fy = —2t Zizl cos(lk - &,).

Part II: Attractive Hubbard Model

Let us add an interaction term to the Hamiltonian: electrons of opposite spin sitting on the
same site ¢ lower their energy by a constant factor g. This attractive interaction between
negatively charged particles may seem a little strange, but it exists in real materials as
a consequence of phonons. Consider the resulting Hamiltonian, known as the attractive
Hubbard model:

H=-t Z(C;Cja + C;r'gcio) — K Z Z Nig — ¢ Z nitNi|

(i) o

(e) Before we attack the problem with all our field theoretical tools, let us first see what
this attractive interaction looks like in momentum space. Show that:

g oot
—g Z NNy | = N Z CleCleCk3le4T5k1+k2,k3+k4
7

ki,k2 ks ks

ot
= —— Ck’Tquk’qu—lekT
kk'.q

where in the second line we have introduced momenta k = ky, k' = ky, and q = k; + ko, =
ks + k4. Thus the interaction describes scattering in momentum space: a pair of up and
down spin electrons with momenta k and q —k is destroyed, and another pair with momenta
k' and q — k' is created. In this process the total momentum q of the pair is conserved.

Answer:

—g ) mrnig = —g ) chencliei =g chelcien

g i(ks+ks—ki—ko)x; T 1
- _m Z ZeZ( it ie)x Cleckleki”lck‘lT
ki,..ka @

_9 P 5
- N CleCk210k3le4T ki1+ko ks+ky

ki,...kq

We would like to write the Hamiltonian as a path integral, in the same way we did it for
the spinless fermion system discussed in class. The details are almost exactly the same,
but we will be working in the momentum representation, where we have 2N sets of cre-
ation/destruction operators CLU, (ko We associate with each creation operator CI«; a Grass-
mann number function ¥y, (7), and with each destruction operator ¢, a Grassmann number
function ¥y, (7). We use the shorthand notation that 1 (7) and 1) (7) without indices represent

2N-component Grassmann vectors whose components are 9y, (7) and ¥y, (7) respectively.



Thus for example the inner product ¢ (7)-9(7) = D ko Ve (7)o (7). The partition function
is given by:

Z:/eSD@Dw where § = /OﬂdT (—@(7) : a%w(r) —MJJ(T)W(T)])
and:

HP(), (7)) = D &ctheo (T) ko (T) — % D Gt (Mgt (T) g (1)t (7)

kk',q

The Grassmann functions 2,@71(0(7') and Yy, (7) over which we are integrating satisfy antiperi-

odic boundary conditions: i, (8) = —¥ke(0), Yk (3) = =1 (0).

Let us separate the action S into quadratic and quartic parts, S = Sy + Sint, Where:

So = /Oﬂ dr ;&kg(r) (—% - &) Yo (7)

g (" R
Sint = N/o dr Y e (T)qoie ) (T)qoie) (7)ot (7)

k7k,’q

The whole difficulty of the problem resides in the quartic interaction term Siy. If g = 0, we
would have S = Sy, and you could do the quadratic Grassmann integrals directly, leading
(with some work) to the same answer found in part (¢). How do we deal with the interaction
term?

(f) As a first step, prove the following results for a Gaussian integral over the complex

number z:
. . hih
7 = /dz*dz g% Fthizthez” exp( ! 2)
a
1 . « h
(2) = —/dz*dz ze 0% Fthizthez _ 2

A a

where a > 0. To show these, write z in terms of its real and imaginary components, z = z+iy.
The integration measure dz*dz o< dz dy (up to a constant that does not interest us).

Answer:

—_az* * 2 9 . _
Z = /dz*dze azzthzthaz" /dx /dye az®—ay?+(h1+h2)z+i(h1—h2)y

_ f6(h1+h2)2/4a€—(h1—h2)2/4a _ fehlhz/a

a a
1072  hy
(=g =22
A 8h1 a



(g) The result of part (f) naturally generalizes to the following path integral, where we are
integrating over a complex-valued function ¢(7):

/ D Dep el 7 l-ad" SEHI DO +Hhar)6" (7] o e (1 / dr by (7) hQ(T))
a

This is true because in the path integral each ¢(7), ¢*(7) for different 7 is an independent
variable you are integrating over. Why is this result useful? Define two Grassmann-valued
functions pq(7) and pq(7) as follows:

Zwm 7) g 1, (7)
(7 :qufki 7))
k

Note that since pq(7) and pq(7) are made from products of two Grassmann numbers, they
commute with everything and we can treat them in most cases like ordinary numbers. The
quartic interaction part of the action can be written as:

B
Sw =% [ > ra(r)a)

Now let us introduce a different complex-valued function Aq(7) for every q. Using the path
integral result above, show that e can be written as a product of path integrals over all
the Aq(7):

eSint ¢ /exp </Oﬁ dr Z {—EAZ(T)A(!(T) + Aq(7)pg(T) + AZ(T)/)JT)}) DA*DA

a 9

where DA*DA = [[, DA DA, Note that since pq(0) = pg(3) and pq(0) = pq(83), the
functions Aq(7) also satisfy periodic boundary conditions: Aq(0) = Aq(5).

Answer:

exp(Sin) = oxp (— / i 3 (ol ) Hexp( /fdfﬁqmpq(f))

We have done something quite remarkable: the quartic interaction e has been rewritten
as a path integral involving only quadratic Grassmann terms like pq(7) and pq(7). This trick
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is known as a Hubbard-Stratonovich transformation, similar to the one used in Problem Set
1. However, it comes at a price: we have introduced new complex fields Aq(7), which we
now have to include in the partition function. The full expression for Z looks like:

Z = / e® DYDYDA*DA
where

B 3 ) *
S:/O dr §¢kg(r) (—E—gkwkg ——ZA

+ZA )0t (T) g1, (T +ZA T)q-k (T) i (7)

(h) Before we proceed, let us pause to try to give a physical interpretation to this new field
Aq(7). From the second result of part (f), we can guess that the average

(Aq(7)) < (pa(7)) = D (Wamiat (7))t (7))

k

But what is the meaning of the Grassmann average on the right? Since ¢q_k(7) is associated
with the operator cq_k; and ¥ (7) is associated with the operator cy;, we can make the
further guess:
(Ag(7)) o< > (Cqrici)
Kk

We will study the formal details of how to go from Grassmann averages to operator averages
next lecture, but for now we can accept the above result as sensible. Transform back to
position space, and show that:

Z Cq— lekT Ze qul ClezT
k

Answer:

> {eq ki) ZZ ATl (0 1)
k
NZZE i A G Ze i)

The quantity (c;jc;p) is just the expectation value for destroying a pair of opposite spin
electrons at site ¢, and the above result is just the Fourier transform of this expectation
value. In other words, (Aq(7)) is associated with a pair of opposite spin electrons having
total momentum q. The electron pair behaves like a single bosonic particle, and thus the



field that describes them is not Grassmann, but a complex number Aq(7). These are the
famous Cooper pairs responsible for superconductivity.

(i) The functions Ay(7), ¥y (7), and ¥y, (1) over the continuous variable 7 can be Fourier
transformed to a discrete frequency representation. This will make performing the integrals
in the partition function easier. Let us define the expansions:

wka Z 6zwn7' w wn

n=—oo

Qz]ka Z € an‘rwka wn)

n=—oo
o0

Ag(r) = Y e Aqg(v)

n=—oo

Since Yo (B) = —Uis(0) and Yy, (8) = —ie(0), the w, are fermionic Matsubara frequencies:

2 1
P G )L P S
g
On the other hand, Aq () = Aq(0), so the v, are bosonic Matsubara frequencies:
2
Uy = % n=0+1,42,...

Note the orthogonality relations:

B B )
0 0

Show that:

S = ﬁ Z Z Z/}ka wn an £k> wka (wn Z Z A* Vm m)

+ 3 Z Z A Vm 2/JkT (wn)¢q ki - wn + 4 Z Z A* Vm ¢q kl wanT (wn)

n,m q,k n,m q,k

Answer: Let us transform each term in the action separately:

B _
/0 dr Z%Dka(T) (_827' - §k> Vio (T Z Z/ dr ")y (W) (1w — &) Yo (War)
k,o

n,n’

= ﬁ Z Z wko wn iwn - fk) wka(wn)
n k,o

N ZA* S Z Z/ dr O A2 (1) A (V)

m,m’ q
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—%NZZAz;(um)Aq@m)

B B _
R NNCINCTIRCED 39S / A WO TTRT T )

q,k m,n,n’ q,k

=f Z Z Aq(’/m)@sz(wn)@Zq—kl(Vm — Wn)

n,m q,k

8
/0 dr Yy AT g (D (T) = D Y / dr /0= =T N (1, )b el (W )t (wn)

q,k m,n,n’ q,k

=BY > An () qict (Vin — wn) it (wn)

n,m q,k

The partition function is obtained by integrating over all the Fourier components Ag(vy,),

Aq(Vm); Vs (wn), and Yy (wn):

-]

The action S above describes a complicated theory, and it is not possible to solve the partition
function exactly. Thus we are forced to make some approximation. The simplest one is mean-
field theory: we look for paths that maximize the action S, since these contribute most to
the partition function Z. Let us concentrate on the Aq(7) field, since we saw above that it is
related to the presence of Cooper pairs in the system. Typically fluctuations cost energy, so
it is reasonable to assume that the field configuration that maximizes S will be uniform in
space and “time” 7. Thus we will focus only on the static part of the action S, i.e. the part
involving the q = 0, v, = 0 component of the field. This we can do by setting Aqy(1,) =0
if q, v, # 0. Let us denote the Aq—o(v;, = 0) component as A. The resulting simplified
action and partition function look like:

[T das(vm) dAg( ,,m] [H Ao (W) Ao (wn)

m,q n,k,o

S = ﬁzzwko w” an 51() wka(wn) - 6_A *A

+5ZZA¢M wn )P (—wn +5ZZA Vit (—wn )Y (wn)

Z = / ¥ dA" A | T dvbuo(wn) dibio (wn)

n,k,o

From this action we can derive the mean-field theory of superconductivity, first studied in a
different form by Bardeen, Cooper, and Schrieffer.
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(j) Show the simplified action S can be written in the following matrix product form:
_ BN . 7 iwp — &k A Ui (wn)
§=—"TAA+ ﬁznj ij (ralen) vaalen) (a0 e ) L (o)

Answer:

S HN A*A + ﬁ Z Z wka Wn an gk) 2ﬂka("‘)n)

n ko

+ ﬁZZAwkT W)k (—wn) + ﬁZZA Yset (—wn) et (wn)
- %A*A #5303 ) (0 = ) v )

+3 Z Z Wi (wn) (i = &) Vi (wn)

+ ﬁZZAwkT W)k (—wn) + ﬁZZA set (—wn) et (wn)

Note that since the sum over n runs from —oo to oo, and w,, = (2n + 1)/, the following
identity is true: > f(wn) =Y, f(—wy,) for any function f. Similarly, since k € B.Z. implies
that —k € B.Z., we have: >, f(k) =), f(—k). Thus we can write:

52 Z 1/1k1 Wn Mn fk ¢k1 wn =0 Z Z 1/1 kl wn —iw, — §—k) lb—kl(—wn)
=p Z Z Uy (—wn) (1wn + &) Yoy (—wn)
n k

where we have used the fact that ¢_y = & and the anticommutation of Grassmann-valued
functions. Plugging this back into the action we have:

s=- 2o BN ) i — )i )
"’ﬁzzwfkl —wn) (iwn + &) Yot (—wn)
+QZZA¢1{T wn )kt (—wn +ﬁZZA Vit (—wn )V (wn)

— _ MEV A 7 _ iwp — &k A _wm (wn)
oy ;o +ﬁznjzk: Wralin) ¥ (n) ( A" iw, +§k) (ﬂ’—kl(ﬂ%)
(k) If n and x are vectors of Grassmann numbers, we know the basic identity:
/e_"Tden dx = det M
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Using this identity, simplify Z by performing the integrals over the Grassmann variables
ko (wn) and Yy, (wy,) for all k, o, and n. You should find the following result:

Z = / SAM A dA
where the effective action S depending only on A* and A is given by:
~A*A__ﬂ_NA2 1—22—22—2A2
S(A%A) = == =IAP + ) In(-F%w] - %6 - F1AP)
n, k
Show that S(A*, A) can be written:

5 5 AN (uﬂ &t |Al2)
S(A*,A) = 5(0,0) — =—|A In (-2
(A7, 4) = 5(0,0) = = =[A] +§;n Zie

where S(0,0) is a constant independent of A or A*.

Answer:

Z:/eSdA*dA

H dijka (wn) dirs (wn)]

/ e QH:PU[ B (Yt (wn) i (—wn)) (iwnA_* . iwﬁr §k> (‘iﬁéfﬁn))}

. [H d@kg(wn) dwka(wn)

n,k,o

_ [ e wp —& A ;
= /e lldet {ﬁ( A i _i_gk)} dA* dA

— /e_ﬁévAp H (=BPw, — &L — BA[?) dA™ dA

n,k

dA™ dA

_ / o~ APAE, (5o —BE-BIA) GA* GA — / 4 dA" dA
Now we write:

(A%, A) = _%Nw + 3 In(—p%? - B2 — B7IAP)
n,k
BN NG
—7’A\2 + mzkln {(_52 »— 0°6) <1 + o 512()]
2
:Zl ( ﬁw —ﬁzﬁk |A|2"‘Z1 ( 2A| )
—~ w? + &2
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~ 2 2 2
= 5(0,0) — %V\Ay? +) In <w" Tt A )
n, k

w? 4+ &

where 5(0,0) = 37, In (=522 — 32€2).

(1) Ignoring any overall constant factors multiplying the partition function, show that you
can write:

7 = / e PEIADgA*dA

where: N . ) N

F(’AD _ —|A|2 o _Zln <wn +§k +2| | )
Mean-field theory tells us the free energy A = —(1/5)InZ is approximately given by F
evaluated at |A| = |Alyin, where F' has its minimum value:

1
Z ~ 6—5F(|A‘min) = A = _B hlZ =~ F(‘A’mln)

To see how |A|npi, behaves, let us expand F(|A|) around |A| = 0. Show that up to order
|Al*, the expansion is given by:

1
F= §r(T)|A|2 +u(T)| A+ - -

1 2N

oN B

r(T) = =% — 2T %k: ara=, o
kT 1

=52 rrgr = P

n, k

where clearly the functions C(T") and D(T') are both positive. (Remember that the Mat-
subara frequencies w, depend on 3, which is why the sums C(T") and D(T') are functions
of temperature). It is possible to evaluate the Matsubara and Brillouin zone sums and find
these functions (using techniques we will discuss in lecture), but here we do not need the
precise values. It is enough to know that the function r(7") changes sign from positive to

negative as 7' is decreased. To demonstrate this, argue that C(T) — oo as T — 0 and
C(T)—0asT — oc.

Answer: Ignoring the overall factor of 59 in front, we have:
BN (w2 +&+ !AP)
exp |——|A]* + In [ —=
/ e nz; wp + &k

Z dA™ dA

L (Nap_ L wi+£ﬁ+!Al2>
/exp_5<g'A' ﬁ;;l“( 2+g )
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Note the Taylor expansion:
2 2 A2 A2 AQ 1 A4
o (B EEIARY AR Y AR 1A
wy + & wy + & wp + & 2 (wp +&)?

Plugging this into F(]A|) immediately gives us r(T') and «(T) in the form quoted above.
Now let us look at C(T):

. B tanh fk/Qk’BT) tanh(ﬁk/QkBT)
= 2kpT Z = 2kpT Z T e => .
k

For T' — oo, we have tanh (& /2kgT) ~ & /2kpT, and
1
T ~
C(T — o0) Zk:%BTHO
For T'— 0, we have tanh(&c/2kpT) — 1, and
1
(T —0) = —
-0~y

This sum is dominated by the region near the Fermi surface, where Ey ~ pand & = Ey—pu ~
0. Thus C(T — 0) — o0

(m) For r(T') > 0 the minimum of F occurs at |Aly, = 0, while for 7(7") < 0 the minimum
is at some |A|pi, # 0. We have a very familiar result: a second-order phase transition with
a complex order parameter A, whose magnitude |A| gets a nonzero value below a certain
temperature 7T, defined by the condition r(7,) = 0. For temperatures just below 7., where
|A| is small, show that |A| o< (T, — T)?. Find .

Answer: Expanding 7(7T") and u(T") to lowest-order around 7" = T, and using the fact that
r(T.) = 0, we have:

T(T) ~ r’(Tc)(T — TC) 4+ ... u(T) ~ u(TC) R

where from the results of part (1) we can assume 77/(7..), u(7,) > 0. Plugging these expansions
into the free energy, we get:

1
F=Sr'(T)(T = T)IAP + u(T) A" +

The minimum occurs at

oF

—-— = NTNT — T)IA| + 4u(T)|A]P =
BN ' (T2)( )| Al 4+ 4u(T)|A]P =0

For T' < T, this has a nonzero solution at:
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Thus 8 = 1/2, the typical mean-field result.

In conclusion, we have started from the microscopic Hamiltonian of a lattice electron gas
with a local attractive interaction, and derived an effective field theory in terms of a complex
order parameter A, where |A|? is proportional to the density of Cooper pairs. As we saw
in part (1), this field theory has the form of a Landau-Ginzburg Hamiltonian near T, where
|A|? is small. We have already studied the Landau-Ginzburg theory for superconductors in
Problem Set 4, but here we can see directly how such a theory is derived. We can even
find exact expressions for the coefficients r(7T"),u(T), ... in terms of the parameters in the
microscopic Hamiltonian.
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